Inverse dispersion method for calculation of complex photonic band
  diagram and $\cal{PT}$-symmetry by Rybin, Mikhail V. & Limonov, Mikhail F.
ar
X
iv
:1
70
7.
02
87
0v
1 
 [p
hy
sic
s.o
pti
cs
]  
7 J
ul 
20
17
Inverse dispersion method for calculation of complex photonic band diagram and PT -symmetry.
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We suggest an inverse dispersion method for calculating photonic band diagram for materials with arbitrary
frequency-dependent dielectric functions. The method is able to calculate the complex wave vector for a given
frequency by solving the eigenvalue problem with a non-Hermitian operator. The analogy with PT -symmetric
Hamiltonians reveals that the operator corresponds to the momentum as a physical quantity and the singularities
at the band edges are related to the branch points and responses for the features on the band edges. The method
is realized using plane wave expansion technique for two-dimensional periodical structure in the case of TE- and
TM-polarization. We illustrate the applicability of the method by calculation of the photonic band diagrams of an
infinite two-dimension square lattice composed of dielectric cylinders using the measured frequency dependent
dielectric functions of different materials (amorphous hydrogenated carbon, silicon, and chalcogenide glass).
We show that the method allows to distinguish unambiguously between Bragg and Mie gaps in the spectra.
I. INTRODUCTION
In the past decades, a significant progress has been achieved
in the fabrication of light-controlling nanostructures includ-
ing metamaterials1,2 and photonic crystals3,4. Hence the abil-
ity to accurately calculate photonic properties is required for
designing novel devices, while the photonic band diagram,
i.e., frequency ω vs. wave vector k, being the most impor-
tant inherent property of periodic media3. The common ap-
proach to the problem consists in reducing Maxwell’s equa-
tions to the standard eigenproblem for the frequency as an
eigenvalue5–9. The first successful approach5 assumed that the
dielectric function does not vary with frequency. The authors
used the plane wave expansion technique to solve the wave
equation with a Hermitian operator for the magnetic field. The
subsequent papers suggested numerical improvements such
as application of the fast Fourier transform method, simul-
taneous calculations of a block of eigenvectors, etc8,10. In
the case of a cylindrical or spherical symmetry of the scat-
terer the Green’s function method was proposed6,11,12. With
these methods the photonic band diagram of the most impor-
tant structures as well as the conditions for the appearance of
a complete photonic band gap were determined7,13,14.
At the same time, most materials strongly interacting with
light have a frequency dependence of dielectric function ε(ω)
and accurate methods should take this circumstance into ac-
count. A number of approaches suggesting that ε(ω) is a
Lorentz-like single pole function have been proposed15–23.
The following techniques have been used to calculate the pho-
tonic band diagram: excluding the frequency from the oper-
ator to yield a generalized eigenproblem16; considering the
polarization field and solving it in the time domain19; includ-
ing the mechanical problem for charged particles along with
the electric and magnetic fields into the operator23. However,
the optical range of electronic interband transition is not de-
scribed correctly by the Lorentz-type functions and other ad-
vanced methods should be employed. In addition, the tradi-
tional methods calculate only propagating modes with a real
wave vector. They cannot provide any information about the
light propagation within the bandgap frequencies, and about
the rate at which the evanescent mode disappears. Also a
study of modes within the forbidden band is important for un-
derstanding the transition between two regimes of light prop-
agation in a dielectric periodical structure, i.e. the regime
where the propagation of light is mainly influenced by the in-
terference between multiple scattered Bragg waves (photonic
crystals), and the regime where the propagation of light is
mainly determined by the properties of each single element
of the materials (Mie modes of metamaterials). The transition
is accompanied by complicated interactions of multiple bands
and the correct interpretation is a key to creating a phase dia-
gram photonic crystal/all-dielectricmetamaterial24. Therefore
we need a tool to explore evanescent modes within a bandgap
and distinguish whether it is the Bragg gap related to the non-
localized Bragg resonance or the Mie gap originated from a
localized Mie-like resonance.
An alternative to the conventional techniques is to consider
methods for calculating complex wave vector while the fre-
quency is treated as parameter. We can find it from transcen-
dent KKR equation (Green’s function method)6,11,12 using so
called on-shell approach (the term is borrowed from scatter-
ing theory that means solutions on the energy shell25). An-
other method is based on Wannier functions26. Using these
methods we eliminate two limitation of the direct ω(k) ap-
proaches. The first one is related to the strong frequency de-
pendence of ε(ω). For traditional numerical techniques to be
applicable, ω should be excluded from the operator but this
can only be done for restricted classes of ε(ω) function. The
second limitation is that the direct methods are intended for
calculating the propagating modes. By contrast, in implemen-
tation of the inverse k(ω) method the wave vector k should
be excluded from the operator. Fortunately, in most cases the
spatial dispersion ε(k) is negligible and the dielectric function
is independent of the wave vector considered to be the eigen-
value. Also we can study prohibited evanescent modes by
setting ω within the bandgap and finding whether or not the
mode originates from the localized resonance and the struc-
ture can be homogenized27–29. However both Green’s function
method6,11,12 and the Wannier method26 are quite complicated
techniques relative to straightforward plane wave expansion
techniques. On the other hand plane wave based methods (so-
called rigorous coupled wave analysis) are widely used for
2calculating transport properties of periodic slab by fixing tan-
gential component of the wave vector and the frequency30–34.
In this paper we propose an alternative to the conventional
methods by introducing an inverse dispersion method for cal-
culating the photonic band diagram. We reduce Maxwell’s
equations to a problem with the eigenvalue k, while ω is con-
sidered to be a real parameter. We name this method the in-
verse k(ω) problem instead of the direct ω(k) problem. These
method has straightforward implementations in plane wave
basis as well as in real space. By way of illustration, we
consider three periodic structures with the same geometry but
different materials, namely amorphous hydrogenated carbon
a-C:H (low dielectric contrast with air ε ≈ 4 in VIS), silicon
(ε ≈ 16 in VIS), and chalcogenide glass Ge2Sb2Te5 (high
dielectric contrast ε ≈ 30 in IR). We note that the 2D square
lattice of dielectric cylinders acts as a photonic crystal at a low
dielectric contrast35, whereas in a special structural condition
the same structure with a high enough contrast behaves as a
metamaterial with µ < 036. In the present study we use di-
electric function ε(ω) measured in Refs. 37–40 to calculate
the photonic band diagram.
II. INVERSE PROBLEM
In this section we formulate the electrodynamic equa-
tions in the form suitable for the inverse dispersion ap-
proach. In general, the electromagnetic field is described by
the Maxwell’s equations which for the frequency harmonics
exp(−iωt) read
∇×E = iωµ0µ(r)H, (1a)
∇×H = −iωε0ε(r)E. (1b)
Here E and H are respectively the electric and magnetic
vectors, ε(r) and µ(r) are the dielectric permittivity and the
magnetic permeability. In periodic structures the solutions
can be written as the Bloch waves E(r) = Ek(r)eikr and
H(r) = Hk(r)eikr. By substituting these into Eqs. (1) we
obtain the generalized eigenproblem for the frequency
(∇+ ik)×
( E
H
)
= iω
(
0 µ0µ
−ε0ε 0
)( E
H
)
. (2)
Instead of applying the operator at r.h.s. once again to get the
direct problem we extract the wave vector from the operator
at l.h.s. and move the matrix with the frequency to l.h.s. Now,
we obtained generalized eigenproblem for the wave vector(
i∇× ωµ0µ
−ωε0ε i∇×
)( E
H
)
= k
(
n× 0
0 n×
)( E
H
)
, (3)
where n is the direction of the wave vector and k = kn.
It is known that the direct eigenproblem corresponds to
the Schro¨dinger equation3. For the loss-free photonic struc-
ture the operator is Hermitian and all eigenfrequencies are
real. However, in the past several years non-Hermitian PT -
symmetric Hamiltonians have caught a lot of attention41. An
interesting property of PT -symmetric operators is the transi-
tion between the completely real spectrum and the complex
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FIG. 1: (color online) Complex photonic band diagram for the
empty-lattice approximation. (a) Light cone repetitions. The inter-
sections of the cones are marked by the red dotted lines. The cross-
section of the cones by the scanning plane Γ → X are shown by
the black dashed lines. (b) Photonic band diagram for complex wave
vectors in the Γ → X direction of the square lattice (black solid
lines); its projection on the real (red dashed lines) and imaginary
planes (blue dotted lines).
spectrum, which are called exact/spontaneously-broken PT -
symmetry. The common situation of the transition is the co-
alescence of two eigenvalues at a branch point, which is re-
ferred to as an exceptional point in the operator theory42. If we
consider a finite dimensional space and a generalized eigen-
problem with a perturbed operator in the form (Lˆ + ωVˆ )ψ =
kMˆψ the eigenvalues satisfy the characteristic equation hav-
ing the form of an algebraic equation in ω or k. Let us return
to Eq. (3). For a material with a real dielectric constant we
suppose the wave vector k to be a given real parameter and
write the direct problem with real ω(k). But now we consider
ω to be a given parameter. In the periodic structure for which
ω falls within the allowed frequency bands we have a real
k, whereas for the forbidden bands the wave vector becomes
complex. Hence we can regard the bandgap boundaries as the
branch points and there is an analogy between the band theory
and the problem of a spontaneously broken PT -symmetry.
Let us describe a complex band diagram that accounts for
both the propagating and evanescent modes. We start from
the empty-lattice approximation (i.e., consider homogeneous
media) to give a branch notation. For simplicity we con-
sider a two dimensional reciprocal space. For the constant
E andH there is a conical relation ω2 = εµ|k|2/c2. However
the periodicity results in that this light cone has many repeti-
3tions with the origin at any reciprocal lattice vector ghl [see.
Fig. 1(a)]. The Bragg resonances that lead to the scattering
from one cone to another arise in vicinity of the intersection
of the cones, whereas outside the intersection we can identify
the cones by (hl) indices. As an example we consider a scan-
ning plane in the Γ→ X direction of the Brillouin zone of the
square lattice. Only the cones (0l) with the origin lying along
this direction intersect the scanning plane at the low frequency
range [Fig. 1(b)]. This is a common situation for the direct
ω(k) method. If, however, we use the inverse k(ω) method
we obtain the evanescent modes (hl) because the cone apex is
out of the scanning plane and the conical relation gives com-
plex solutions. However in the empty-lattice approximation
all the modes are orthogonal and there is no coupling between
any modes, and hence the evanescent modes can be neglected,
but for the case of a nonzero dielectric contrast we cannot do
this anymore. Note that in this paper we plot band diagrams in
the scale of the dimensionless frequency a/λ, where λ is the
wavelength in a vacuum and a is the lattice constant. Below
we consider the case of the two-dimensional structure how-
ever the general case is quite similar.
A. TE-polarization
In the TE-polarization we deal with the z-component of the
magnetic Bloch’s wave h =
√
µ0Hz , as well as with the tan-
gential e =
√
ε0Eτ and the normal f = √ε0En components
of the electric Bloch’s wave. Equation (3) can be rewritten as
−i
(
nx
∂
∂x
+ ny
∂
∂y
)
e(r) −i
(
nx
∂
∂y
− ny ∂
∂x
)
f(r) +
+
ω
c
µ(r)h(r) = −ke(r), (4a)
i
(
nx
∂
∂x
+ ny
∂
∂y
)
h(r)− ω
c
ε(r)e(r) = kh(r), (4b)
i
(
nx
∂
∂y
− ny ∂
∂x
)
h(r) − ω
c
ε(r)f(r) = 0. (4c)
Note that the functions h, e and f are periodic. To pro-
ceed further we have to reduce these equations to those of
the algebraic type. There are two relatively simple abili-
ties. The first one is to represent operators in plane wave
basis, and the second is to use a finite difference scheme in
real space. The latter ability is simpler in realization, how-
ever it is not work perfectly if the calculating grid is too rare
being pure numerical technique In contrast plane wave ba-
sis makes it possible to evaluate mode properties within two-
wave approximations if the modulation of dielectric function
is moderate. On the other hand if we consider periodic struc-
ture with metal components, plane wave basis is not an opti-
mal choose31,32, since zero-order approximation (approxima-
tion of free-photons) cannot describe the system correctly, be-
cause of free-photon averages dielectric function: positive air
with negative dielectric index of metallic inclusions. As a re-
sult averaged dielectric index is negative and propagation of
light is prohibited that is completely disagree with the cor-
rect answer. Hence, to calculate structures with metallic in-
clusions we should take into account a very large number of
plane waves and this technique is worse than finite difference
scheme. However, even if we deal with a pure dielectric struc-
ture that possesses strong dielectric contrast we have to con-
sider convergence problems as well43, and the usage of only
few number of plane waves is inappropriate. To be sure in cor-
rectnesses of our study we examine convergence of traditional
ω(k) plane wave method and find that 625 (25 by 25) plane
waves are sufficient to obtain reliable results.
Because the functions h, e and f are proportional to the
Bloch’s amplitudes they can be represented as Fourier series.
We expand h, e and f in the r.h.s., find Fourier amplitudes of
both sides of Eqs. (4), and finally write these equations in the
matrix form
De+ Lf +
ω
c
Mh = −ke, (5)
−Dh− ω
c
Ee = kh, (6)
− Lh− ω
c
Ef = 0. (7)
Here D and L are diagonal matrices with elements Dg,g =
nxgx+nygy, andLg,g = nxgy−nygx,E andM are Toeplitz
matrices with elements Eg,g′ = εg−g′ , andMg,g′ = µg−g′ ,
which are the Fourier amplitudes of ε(r) and µ(r) respec-
tively. On eliminating the component f , we obtain the con-
ventional eigenproblem
−
(
D
(
ω
c
M− (ω
c
)
−1
LE−1L
)
ω
c
E D
)(
e
h
)
= k
(
e
h
)
.
(8)
B. TM-polarization
Following similar procedure we write linear eigenproblem
for the electromagnetic field in TM-polarization
−
(
D
(
−ω
c
E+
(
ω
c
)
−1
LM−1L
)
−ω
c
M D
)(
h
e
)
= k
(
h
e
)
.
(9)
Here h and e define tangential component of magnetic field
and z-component of electric field. Matrices E, M, D, and
L was defined above in TE-polarization subsection. In most
cases material does no posses magnetic properties and M is
the identity matrix. Hence Eq. (9) is somewhat simpler than
Eq. (8) since in case of TM polarization the matrix does not
contain the inverse of E.
III. BAND DIAGRAM FOR PHOTONIC CRYSTALS AND
DIELECTRIC METAMATERIALS
To illustrate the inverse dispersion method we consider here
three types of structures with the same geometry. Periodic all-
dielectric systems are known to be in two scattering regime
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FIG. 2: (color online) Complex photonic band diagram for materials with real dielectric constant (a,d) ε = 4, (b,e) ε = 16, (c,f) ε = 30 for
(a-c) TE- and (d-f) TM-polarization. The complex wave vector is shown by the black solid curves, and the real part of the wave vector by the
dashed curves (real wave vector, thin magenta dash-and-dot curves; complex wave vector, thick red dashed curves). The imaginary part of the
wave vector is represented by the blue dotted curves. The branch points are marked by the green circles.
either as a photonic crystal with the Bragg fundamental gap
or as a metamaterial with the Mie fundamental gap24. By the
fundamental gap we mean the gap between the first and sec-
ond photonic bands3. Here we consider 2D square lattices of
parallel dielectric circular rods infinitely long in the z direc-
tion in air with lattice constant a and radius of r = 0.3a. We
study three different dielectric functions ε(ω) for the rods cor-
responding to a-C:H, Si, and Ge2Sb2Te5.
A. Constant dielectric function
As a reference point we calculated the photonic band di-
agram by the traditional ω(k) method in the implementation
of Ref. 9 by using constant values for the dielectric function:
ε0
a−C:H
= 4, ε0
Si
= 16, and ε0
GeSbTe
= 30 (the thin magenta
dash-and-dot curves in Fig. 2). There are bandgaps within
the frequency spectra and we have no information about the
evanescent modes. However these modes define the scatter-
ing, transmission and other light transport properties. Next,
we calculate the photonic band diagram by the inverse disper-
sion method which yields both propagating and evanescent
modes (Fig. 2). The bands for the propagating modes (with
real wave vector) obtained by using ω(k) and k(ω) demon-
strate a complete agreement, but now we obtain the dispersion
for the evanescent modes. First we consider TE-polarization.
1. TE-polarization
The spatial modulation of the dielectric function ε(r) per-
turbs eigenmodes calculated in the empty-lattice approxima-
tion. If the perturbation is small enough (photonic crystal
regime) we can identify the branches as (00) and (01¯). Their
interaction produces a pair of branch points at the band gap
edges marked by the green circles in Fig. 2(a,d). We describe
the frequency dependence of the branches (00) and (01¯). In
the low frequency range the wave vector is real. In the inter-
val 0.38 < a/λ < 0.44 defined by a pair of the branch points
the real part of the wave vector is constant while the imag-
5inary part varies in amplitude, with ∆Im(2pik/a) of about
0.1. As a result the branches form an narrow elliptical fea-
ture (NEF) that is prolate along the frequency axis. The fea-
ture corresponds to the bandgap. With increasing dielectric
contrast, the higher frequency modes cannot be adequately
identified with the (hl) modes due to the strong interband
interaction. In the intermediate case of ε = 16 [Fig. 2(b)]
we can emphasize three NEF: one centered at [a/λ ≈ 0.3,
Im(2pik/a) = 0] and a pair of similar NEF at [a/λ ≈ 0.4,
Im(2pik/a) = ±0.5], which do not intersect the real plane
Im(2pik/a) = 0. In the metamaterial regime24 [Fig. 2(c)] we
recognize the NEF at [a/λ ≈ 0.45, Im(2pik/a) = 0]. In
addition, we observe two wide features of complicated shape
(WCF). The first WCF is bounded by 0.22 < a/λ < 0.34
with a width ∆Im(2pik/a) ≈ 1.6, and the second lies at
0.37 < a/λ < 0.49 with a width ∆Im(2pik/a) ≈ 1.8. We
notice that all the NEF and WCF in Fig. 2 originate at the
surface of the Brillouin zone (X point). Analysis of the band
diagrams reveals that the wave vector of the branch may vary
in its real or imaginary part only and these two types of be-
havior are switched by the branch point. In addition, the NEF
keeps modes connected while the WCF splits the modes to be
disconnected at the X point (i.e, we cannot join points at the
lower and upper bands).
2. TM-polarization
Now we describe band diagrams for TM-polarization.
When the dielectric contrast is small [Fig. 2(d)] the band di-
agram is similar to the case of TE-polarization [Fig. 2(a)].
We identify NEF with parameters 0.31 < a/λ < 0.42 and
∆Im(2pik/a) ≈ 0.15 being wider than in Fig. 2(a)]. Now
let us consider band diagram for ε = 16, which differs
from TE-polarization. Figure 2(e) demonstrates just one NEF
shifts down 0.17 < a/λ < 0.28 and increases its width
∆Im(2pik/a) ≈ 0.14 and a WCF (0.35 < a/λ < 0.5 and
∆Im(2pik/a) ≈ 1.0). With increasing of dielectric index ε up
to 30 the NEF moves down to the interval 0.12 < a/λ < 0.20
(∆Im(2pik/a) ≈ 0.3) and does not disappear (as in TE-
polarization) remaining fundamental gap. Also we identify
another NEF (0.40 < a/λ < 0.49 and ∆Im(2pik/a) ≈ 0.5)
and a pair of slightly overlapped WCF (0.26 < a/λ <
0.37, ∆Im(2pik/a) ≈ 1.07) and (0.36 < a/λ < 0.53,
∆Im(2pik/a) ≈ 1.08). Being similar to the case of TE-
polarization the NEF keeps modes connected while the WCF
splits the modes to be disconnected at the X point (i.e, we
cannot join points at the lower and upper bands).
B. Experimental dielectric function
We can calculate photonic band diagrams for the three sys-
tems under consideration by using the experimentally mea-
sured dielectric response of a material37–40 plotted in Fig. 3,
since the inverse dispersion method is applicable for calcula-
tion of an arbitrary dielectric function. As far as Maxwell’s
equations are not frequency-scalable for non-constant dielec-
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FIG. 3: Dielectric functions of (a) a-C:H39, (b) Si37,38, and (c)
Ge2Sb2Te5
40 in two scales: wavelength λ and a/λ for lattice con-
stants (a) a = 400 nm, (b) a = 200 nm, and (c) a = 900 nm. The
real part is shown by the solid curve, and the imaginary part by the
dashed curves.
tric functions we have to specify both the material and the
geometrical sizes of the 2D structures: (i) for a-C:H the lat-
tice constant is set to a = 400 nm and the dielectric func-
tion is taken from Ref. 39; (ii) for Si the lattice constant
is set to a = 200 nm, the dielectric function is taken from
Refs. 37,38; and (iii) a = 900 nm for a metamaterial fabri-
cated form Ge2Sb2Te5 (fcc phase of a GeSbTe chalcogenide
glass)40. Calculated photonic band diagrams are presented in
Fig. 4 and comparison with Fig. 2 reveals a number of essen-
tial differences in the mode behavior. The imaginary part of
the dielectric function lifts the degeneracy at the branch points
marked by the green circles in Fig. 2. It is convenient to in-
troduce the density of states per interval of a real part of wave
vector ρ(k′) for the branches. In the case of real dielectric
function both types of features NEF and WCF lie at the sur-
face of the Brillouin zone [Re(k) = X] with the density of
states ρ(k′) becoming a delta-function at the X point. With
increasing imaginary part of the dielectric function, the den-
sity of states broadens away from the surface of the Brillouin
zone.
Also, there is a difference in the mode behavior at NEF
and WCF when it is fundamental gap. We notice that WCF
becomes fundamental gap only in TE-polarization. Fig-
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FIG. 4: (color online) Complex photonic band diagram for the materials with the experimentally measured dielectric functions: (a,d) a-C:H39,
(b,e) Si37,38, (c,f) Ge2Sb2Te5
40 for (a-c) TE- and (d-f) TM-polarization. The complex wave vector is shown by the black solid curves; the real
part of the wave vector by the red dashed curves; the imaginary part of the wave vector by the blue dotted curves.
ure 5 shows the band gaps related to different features NEF
and WCF on a detailed scale. The group velocity V =
(dRe(k)/dω)−1 does not change its direction at NEF, while
at WCF the group velocity VWCF becomes zero and changes
its direction to the opposite. By contrast, in the case of a real
dielectric function there is an interval of a vanished group ve-
locity hence the dielectric function needs to possess at least a
small amount of an imaginary part to distinguish the type of
the gap.
IV. DISCUSSION
The inverse dispersion method is applicable for accurate
calculating of the photonic band diagram for periodic struc-
tures composed of materials with an arbitrary dielectric re-
sponse whereas the conventional techniques cannot describe
the photonic properties correctly. Also the method provides
a deep insight into the physics of propagation of traveling of
electromagnetic waves in periodic media including photonic
crystals and metamaterials. The photonic band diagram cal-
culated by the direct ω(k) method hides the branch points be-
cause this method is inapplicable to finding of the evanescent
modes. At the same time the linear operator theory describes
singular properties of eigenmodes at the branch point42.
In the imaginary plane of the band diagram, the NEF is un-
ambiguously associated with the Bragg resonance, because it
increases at very small dielectric contrast and involves a pair
of modes [Fig. 5(b)]. The wide complicated feature is asso-
ciated with the Mie resonance because of being related to the
Mie gap in all-dielectric structures as shown in Ref. 36. The
complex photonic band diagram in Fig. 2(c) demonstrates that
the Mie resonance feature extends from a/λ = 0.22 to 0.35
(see in the imaginary plane) being much wider than the Mie-
band gap 0.22 6 a/λ 6 0.26 (thin dash-and-dot curves in the
real plane). Analysis of the frequency ranges of the resonant
Mie modes44,45 shows that the lower Mie feature in Fig. 2(c)
is associated with the TE01 Mie mode while the higher fea-
ture is relater to the TE11 mode. In a similar way WCF in
Fig. 2(c) are originated from the TM01 and TM11 Mie modes.
We also demonstrate that the Mie-relatedWCF make the band
diagram disconnected at the X point [Fig. 2(c)].
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FIG. 5: (color online) Comparison of the Bragg-type gap (structure
composed of a-C:H) and the Mie-type gap (structure composed of
Ge2Sb2Te5) in TE-polarization. The band diagram is for the real (a)
and imaginary (b) parts of the wave vector in the photonic crystal
scattering regime and for the real (c) and imaginary (d) parts of the
wave vector in the Mie scattering regime. The green arrows demon-
strate the behavior of the branches at the boundary of the Brillouin
zone marked by the gray dashed line.
Turning to the Eqs. (8) and (9), we notice that they are
non-Hermitian operators with the wave vector length as an
eigenvalue. Therefore we can consider these operators to
be a wave vector operator for the periodic media. Inspired
by the results obtained from non-Hermitian PT -symmetric
Hamiltonians41 we assume that the wave vector operator pos-
sesses a certain symmetry. The symmetry T is related to the
time-reversal symmetry, while the parity P should be applied
to the fields represented in the k-space (we notice that the real
space representation is no better than the k-space representa-
tion). The important consequence of the description of op-
erator (8) and (9) as operators with PT -symmetry is that we
should not consider these operators as a mathematical trick
only and reject they as being unphysical because they violate
the axiom of Hermiticity. Conversely we do consider these
operators as physical quantities that are related to momentum
of excitation in periodical media. At the branch point the sym-
metry changes from exact to spontaneously-broken that makes
this excitation prohibited.
In addition, using the results of the inverse dispersion
method we can separate the Bragg and Mie gaps by introduc-
ing a small amount of loss. The modes forming Bragg gaps do
not change their direction, while modes forming the Mie gaps
show a repulsive behavior. Using this criteria we explicitly
identify the lower bandgap as a Bragg gap (Fig. 5).
V. CONCLUSION
We have suggested the inverse dispersion method for cal-
culating the complex photonic band diagram for periodic me-
dia with an arbitrary dielectric function. The method makes
it possible to calculate both the propagating and evanes-
cent modes. We have calculated the band diagram of pe-
riodic structures composed of the following materials: low-
refractive index amorphous hydrogenated carbon (constitut-
ing a photonic crystal), high-refractive index silicon, and
chalcogenide glass (constituting an all-dielectric metamate-
rial) by using the experimentally measured properties of the
material. Our analysis demonstrated the essential difference
between the fundamental gaps that originates from Bragg or
Mie evanescent modes. This result is of fundamental impor-
tance for studies of the light scattering regimes of photonic
crystals and metamaterials24. Moreover we note that the in-
verse dispersion method is not restricted to only photonic dia-
grams, being rather applicable to any waves in periodicmedia:
electrons, phonons, magnons etc.
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